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Abstract 
This paper describes a numerical method to determine the diffraction effect of an oceanographic Kelvin wave system 
by an island. A standard shallow water approximation theory is assumed for the oceanographic equation. The problem 
is solved in two cases, when the island is elliptic and circular in shape and when it is far or near to the coastline, also 
when the island becomes narrow and perpendicular to an infinitely long coastline. Numerical computation of diffraction 
of the Kelvin waves has been calculated and plotted. 
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1. Introduction 
In a recent paper, Linton and Evans [6] have used integral equations to solve a class of problems 
concerning obstacles in waveguides; they showed how radiation and scattering problems of vertical 
circular cylinders placed on the centreline of a channel of finite water depth can be solved efficiently 
using the multipole method devised originally by Ursell [7]. This method was also used by Callan 
et al. [l] to prove the existence of trapped modes in the vicinity of such a cylinder at a discrete 
wave number k < 7c/2d, where 2d is the channel width. The methods are employed in these papers 
powerfully but are restricted to circular geometries. 
The diffraction of Kelvin waves by regular boundaries was considered by Essawy [23] who studied 
the diffraction of Kelvin waves by a narrow island. The method of solution is essentially based on 
the singular integral equations technique. He also considered the diffraction of a Kelvin wave by 
a circular island using the Green’s function technique was considered by Essawy [4]. 
In our paper, we solve the problem of diffraction of Kelvin waves due to an island in different 
cases by using numerical method. Cartesian coordinates are chosen, the (x, y)-plane in the undisturbed 
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surface and z vertically upwards. The sides of the sea y = 0, y = d, -cc <x < 00, and the water is 
of mean depth ho, and the centre of the island is situated at (0, bi ). 
2. Formulation of the problem 
The horizontal equations of motion described by the linearized long waves are 
au -&-l”=-lg’ 
g+lu=_gE, 
ay 
and the equation of continuity is 
g+h,,(;+$)=O. 
(2.1) 
(2.2) 
(2.3) 
In these equations, (u(x, y, t), u(x, y, t)) are the horizontal velocity components in the ox, oy direc- 
tions, H(x, y, t) is the tidal elevation above the mean undisturbed level, 1 is the coriolis parameter 
which is assumed to be constant, ho is the undisturbed depth of the ocean which is also assumed to 
be constant and g the gravitational acceleration. 
With the time factor e’“’ understood (1) and (2) take the forms 
U=&{lg+ici:}, 
I&9 
1 
aZ az 
12 -d ay 
ifs- + lZ 
1 
(2.4) 
(2.5) 
where (u, v,H) = (U, V,Z)exp(iot). 
Using (2.4) and (2.5) in (2.3), we obtain 
(V2+k2)H=0, (2.6) 
where 
fs= - l2 k= = ___ 
c= ’ 
c=&j&. (2.7) 
As the fluid is water, it may be assumed to be incompressible, inviscid and it-rotational. This allows 
the fluid motion to be represented by a potential 4, which may be expressed in the form 
4(x, y, z, t) = Re( @(x, y ) cash k(z + h)ei”‘), (2.8) 
such that the potential 4(x, y,z, t) satisfies the Laplace equation, 
0’4 = 0. (2.9) 
Therefore, the velocity potential @(x, y) satisfies the Helmholtz equation, 
(V* + k*)@ = 0 in the fluid. (2.10) 
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The kinematical condition of the shallow water waves on the free surface may be expressed in the 
form 
1 a4 H(x,y,t) = -- - 
[ 1 9 at 2 
where the elevation H be very small. 
Thus, we may write 
H(x, y, t) = %@(x, y) sin(ot), 
where @ satisfies Helmholtz equation. 
(2.11) 
(2.12) 
2.1. Boundary-value problem 
We shall first consider the general Neumann problem symmetric about y = bl. Thus, we want to 
find @(x, y) defined in 
D= {O<y<d,-co<x<co,excluding the body} 
where b, is distance between the centre of the island and coastline, and aD is the irregular island 
shape, see Fig. 1, such that 
(V2+k2)@=0 in D, (2.13) 
- =0 on y=O, IxJ>a, 
aY 
(2.14) 
I I 
1 I 
+ 
Y=O x=-a II x=a X 
Fig. 1. Physical plane. 
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aQi 
- = 0 
aY 
on y = d for all x, 
CY! = 0 on aD. an 
(2.15) 
(2.16) 
Hence, Eqs. (2.14)-(2.16) are boundary conditions of normal velocity on the coastline and island, 
respectively. 
Therefore, the analytical solution without influencing the boundary conditions, it becomes 
@J M 2 A: ~0s (!$!) e+ikxtlr asx-+ foe, 
n=O 
where 
(2.17) 
2 
t”= l- ; . d 0 (2.18) 
The analytical solution @(x, y) does not satisfy condition (2.16). 
Here d/an represents normal differentiation in the direction from D towards 80. 
3. Diffraction of Kelvin water waves due to the elliptic island 
We shall consider the Neumann problem symmetric about y = b,. Thus, we want to find aj(x, y) 
defined in D = (0 < y cd, -R <x <R, excluding the ellipse island} i.e., 
80 is $+(yi:i)2 = 1 
where the centre of the elliptic island is (O,b, ); see Fig. 2, such that 
(V2+k2)@=0 in D, (3.1) 
where D = [-R, R] x [0, d]. 
We solve the Helmholtz equation influencing the boundary conditions, when the boundary condi- 
tions are given on finite domains which contain the effective boundary value problem. 
In our computation, we find that the numerical results show there is negligible effect outside the 
region in the given sketch. 
(3.2) 
(3.3) 
a@ 
-=0 on y=O, IxI>O, 
ay 
a@ 
- = 0 
ay 
on y = d for all x, 
e=O 0naD 
an 
> (3.4) 
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Fig. 2. Physical plane. 
where n^ is the normal vector on the surface of the ellipse which determines the normal velocity as 
follows: 
dx, Y) = g + (Y-W2 _I=-) g 3 
hence the condition to be satisfied at the boundary of island is 
b2xg+a2(y-b,)g =o. 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
Using the separation of variables method in the above equation in order to obtain the exact solution 
on the surface, 
_ 
(3.9) 
where B and C are integration constants. 
3.1. The jinite-difference method with irregular regions 
When the boundary of the region is not such that the network can be drawn to have the boundary 
coincide with the nodes of the mesh, we must proceed differently at points near the boundary. 
Consider the general case of a group of five points whose spacing is nonuniform, arranged in an 
unequal-armed star. We represent each distance by 8ih, where 8i is the fraction of the standard 
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Fig. 3. Physical plane. 
spacing h that the particular distance represents as shown in Fig. 3, along the line from @+o~,~ to 
@k+ZZ) to @fl+&,m. 
Therefore, the Taylor expansion about the point (x,, ym) gives 
(3.10) 
(3.11) 
and also Q)~_B,,~, @X,m-~4 by similar expansions, where x,, = -R + nh, y,,, = mh. 
Thus, we use the five-point method in order to transform the Hehnholtz equation (V* + k2)@ = 0 
to the formula 
We 
and 
P@“+el,m + P2@n,mfoz + p3@~-o,,m + j3c@n,m_& + pocPn,, = 0. 
may write 
(3.12) 
P,= 2 
h24(81 + 03)’ 
P2= 2 
h282(82 + 0,)’ 
P3= 2 
h203(83 + 0,)’ 
P4= 2 
h2&(Rl + 0,)’ 
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We can put the boundary 
CD (X,,,y,ii*h) = %.Y”~’ 
such that 02 = 134 = 1. 
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conditions (3.2) and (3.3) in the form, 
(3.13) 
Then the boundary conditions (3.2) and (3.3) become, 
%,,h = %,,o 1% I > 4 (3.14) 
%,,,d-h = @&,,d for all &, (3.15) 
where, 
@ &&mffJ g Nn f 4)h,(m f r)h). (3.16) 
By eliminating Eqs. (3.9) and (3.12)-(3.15), by using the Gaussian elimination method, which helps 
us to obtain the system of algebraic linear equations. Which solved by the elimination program to 
obtain the velocity potential values for the Helmholtz equation (V* + k*)@ = 0, when the island is 
elliptic and k = 0.003 are plotted as shown in Figs. 4-7. 
To summarize, we observe that the velocity potential values are increasing at the front and back 
of the elliptic island, but it is decreasing at the upper part and the lower part of the obstacle island. 
And we notice the water waves diffracting near the obstacle, and also tend to normal state which 
are not near the obstacle, this happened when br = id. 
If we take b <b, < td, we observe that the peak is decreasing at the lower half of the island 
surface, but it is increasing at the upper half. When b = b, i.e., the island is in contact with the 
coastline, the peak is not found at the corners between the island and the coastline, but it is found 
at the other part of island. All these observations are shown in Figs. 4-7. 
10. 
5. 
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Fig. 4. Three-dimensional plot when (n = 1,~ = 3,b = 5, bl = id). 
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Fig. 5. Three-dimensional plot when (n = 1,a = 5, b = 3,b, = id). 
10 
10 
Fig. 6. Three-dimensional plot when (n = 1, a = 3, b = 5, b = b,, bl < id). 
4. Diffraction of Kelvin water waves due to the circular island 
We take the general obstacle shape on the stream which is a circular island, i.e., we consider 8D 
is a circular island. 
Let D={O<y<d,-R<x<R}, excluding the circular island, ~~+(y--b,)~=u~, as shown in 
Fig. 8. 
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Fig. 7. Three-dimensional plot when (n = 1, a = 5, b = 3, b = bl, bl < id). 
I . . . . . : . I m . . . . , , . . , . . . . + 
Y=O x=-a 0’ x=a X 
Fig. 8. Physical plane. 
Also, we obtain the normal vector of the velocity potential on the boundary of the circular island, 
by using Eq. (3.8) so we may put b = a in this equation, and this is explained in the above 
case. 
Therefore, the normal velocity potential equation becomes 
(4.1) 
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Fig. 9. Three-dimensional plot when (n = 1,a = 4,a< bl, bl = id). 
Fig. 10. Three-dimensional plot when (n = 1,a = 4, b, < id). 
By using the separation variable method in the above equation, we obtain the exact solution on the 
surface 
@(x,.Y)=A (&))I-’ > (4.2) 
where A and C1 are integration constants. 
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Fig. 11. Three-dimensional plot when (II = l,a = 4,b, = a, bl < id). 
Similarly, we can solve this problem by the Gaussian elimination method, for Eqs. (3.12), (3.14), 
(3.15) and (4.2), which helps us to obtain the system of linear equations. The velocity potential 
values for Helmholtz equation (V* + k*)@ = 0, when the island is circular with different radii a and 
k = 0.003, are plotted in Figs. 9-l 1. 
To conclude this section we noticed that the peak and velocity potential values are increasing 
at the front and back of the circular island, but decreasing at the top and bottom of it. Also, the 
velocity potential values change with variation of the circular island radius, i.e., a <h,, 6, = id. 
If a circular island contacts with the coastline, i.e., a = bi, bi < id, the peak and velocity potential 
values will not increase at the comer of the circular island. The water waves tend to the normal 
state at the region which is far from this island. As shown of these observations into Figs. 9-l 1. 
5. The diffraction of Kelvin water waves due to a narrow island 
When the general shape is a narrow island. We consider aD is a narrow island, i.e., aD is an 
elliptic island, has a which is very small, radius 
Let, 
D={O<y<d,-R<x<R, ;+ b2 (Y - 6 )’ = 1 , 
excluding the elliptic}, see Fig. 12. 
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Fig. 13. Three-dimensional plot when (n = 1,a = 0.0886,b = 3,bl = id). 
If we take the same first case, where a is very small and the centre of elliptic island is at point 
(0, b, ). Then, the normal velocity potential on the boundary of a narrow island becomes, 
~a@ I (Y-h)a~_o 
a2 ax b* -&-’ (5.1) 
where a is very small and b < bl. 
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Fig. 14. Three-dimensional plot when (n = 1, a = 0.3, b = 6, bI = id). 
We obtain the velocity potential at the boundary of a narrow island by using the separation variable 
method in this formula, 
(5.2) 
where a is very small (a < b) and A, p are constants of integration. 
Similarly, we obtain a system of algebraic equations. In order to solve these equations, we use the 
Gaussian elimination program. We obtain the velocity potential values at any point of the diffraction 
region D in order to find a narrow island. Where we consider k = 0.003, and a is very small, plotted 
in Figs. 13,14. 
We conclude that the velocity potential values are increasing at the front and back of a narrow 
island, but it is decreasing at the top and bottom of it. The peak appears more at the boundary of 
a narrow island. And we notice the water waves are diffracting near a narrow island, and also tend 
to normal state which are not near a narrow island, this happens when b, = id, b <b, and a is very 
small (a < b). These observations are shown in Figs. 13, 14. Also, the velocity potential values are 
changed with variation of the dimensional island, for all cases. 
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